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Abstract
We study gauge symmetry breaking patterns of the five-dimensional SU(5) grand
gauge-Higgs unification compactified on an orbifold S1/Z2 with the Hosotani mechanism
in the framework of the diagonal embedding method. We find matter contents that lead
to the SU(3) × SU(2) × U(1) gauge symmetry on the global minimum of the effective
potential and also present examples of matter content for which each regular subgroup
of SU(5) is realized as vacuum configuration. The finite temperature phase transitions
for the models with the gauge symmetry of the standard model at zero temperature
and also for supersymmetric models are studied. We show in a certain model with
supersymmetry that the vacuum of the standard model selected dynamically before the
inflation continues to stay there up to the present.
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1 Introduction
The grand unified theory (GUT) [1], in which quarks and leptons are treated in the same
footing, is an attractive idea and has been investigated in various aspects since its proposal.
The gauge group of the standard model, SU(3)×SU(2)×U(1) is embedded into a GUT group,
so that the gauge symmetry of the GUT must be broken down to the SU(3)× SU(2)× U(1)
by some mechanism. This is not understood well at the present. One often assumes the Higgs
mechanism to break the gauge symmetry. In fact, the prototype SU(5) GUT [1] introduces
the Higgs scalar field belonging to the adjoint representation under the SU(5) by hand, and
the scalar field is assumed to have the vacuum expectation value in such a way that the SU(5)
breaks down to the gauge group of the standard model. There is not any evidence, however,
that it should be the Higgs mechanism, and thus it is important to seek the mechanism of the
gauge symmetry breaking.
The GUT in a framework of the higher dimensional gauge theory has also been proposed
and studied [2, 3], where the unified gauge symmetry is broken by the boundary conditions with
respect to the compactified extra dimensions [2]. Meanwhile, one of the interesting points of the
higher dimensional gauge theory is that it can provide the mechanism of the gauge symmetry
breaking which is different from the Higgs mechanism, that is, the Hosotani mechanism [4].
In the Hosotani mechanism, component gauge fields for compactified directions, which behave
like the Higgs scalar fields at low energy and are closely related with the Wilson line phases,
develop the vacuum expectation values to induce the gauge symmetry breaking. An advantage
of the Hosotani mechanism is that one can compute the effective potential for the Wilson line
phases, with no need to introduce additional counterterms [5], and the vacuum expectation
values for the component gauge fields are dynamically determined by minimizing it once one
fixes matter content of the theory. Then, one understands definite origin of the potential
which induces the gauge symmetry breaking.
It should be noted that the periodic nature of the phases enables us to study the global
structure of the effective potential even if we consider physics around the GUT and the Planck
scale. This is in sharp contrast to the usual effective potential in the quantum field theory,
where the potential is given by the polynomial of the scalar fields, so that one can study only
the local structure of the potential near the origin. When the number of the order parameters
in the effective potential increases, it becomes difficult to minimize the effective potential
analytically. In recent years, however, the environment of numerical study is dramatically
improved, which makes easier to find the global minimum of the effective potential. In addition,
the idea of GUTs with the Hosotani mechanism is a very attractive from phenomenological
and theoretical points of view as discussed below, so that it should be investigated extensively.
When one tries to apply the Hosotani mechanism to break the SU(5) gauge symmetries
of GUT models, one immediately encounters a difficulty. Namely, the zero modes of the
component gauge fields belonging to the adjoint representation under the gauge group that
remains unbroken against the boundary conditions tend to be projected out by the boundary
conditions in models with chiral fermions. Thus, in most GUT models with the Hosotani
mechanism, the SU(5) symmetry that contains the standard model gauge symmetry is broken
by the boundary condition [3]. We have shown, however, in the paper [6] that the difficulty
2
is overcome by applying the so-called diagonal embedding method [7], which is invented in
the context of string theory, to the higher dimensional gauge theory. The method enables
us to have GUT models with the Hosotani breaking of the SU(5) gauge symmetry without
contradicting with the chiral fermions and study the gauge symmetry breaking of the GUT.
What is striking is that the effective potential obtained by the diagonal embedding method
has basically the same form with the one obtained for the S1 compactification. In other
words, the diagonal embedding method can be seen as a way to introduce chiral fermions in
S1 compactification.
In this paper, we study the gauge symmetry breaking patterns of the models of the
five-dimensional SU(5) GUT compactified on an S1/Z2 by utilizing the diagonal embedding
method. We refer to the models as the SU(5) grand gauge-Higgs unification. The SU(5) gauge
symmetry is broken by the Hosotani mechanism to one of its regular subgroups according to
the matter content of the theory. We present examples of the matter content that realize the
vacuum configuration with each regular subgroup of the SU(5). We emphasize that matter
contents, for which the SU(3)× SU(2)×U(1) gauge symmetry is realized on the global min-
imum of the theory, are found. One of the matter contents that realize the gauge symmetry
of the standard model at the vacuum does not include the periodic fermions belonging to the
adjoint representation, contrary to the expectation [8].
It has been known that the finite temperature field theory provides us a useful tool to study
the phase transition, in the early Universe, etc [9]. We also study the finite temperature phase
transition for the matter contents that realize the gauge symmetry of the standard model at
zero temperature in our SU(5) models. We obtain the critical temperature and find the order
of the phase transition. In the limit of high temperature, the fermions do not contribute to
the effective potential, while the bosons do to yield the symmetry restoration of the SU(5) at
a certain temperature (if light scalar fields are absent).
We apply the analysis of the finite temperature to the supersymmetric (SUSY) version of
the SU(5) grand gauge-Higgs unification. This scenario with the SUSY breaking scale being
O(1) TeV is phenomenologically very interesting in itself. For example, it generally predicts the
existence of the light adjoint chiral supermultiplets with masses of the same scale and we may
find a hint of the breaking of the GUT gauge symmetry at the TeV scale experiments [10, 11].
In addition, if a specific vacuum which is realized as a local minimum in Ref. [6] is assumed,
the so-called doublet-triplet splitting problem can be naturally solved [10].
In the SUSY version, one may also expect different behaviors of phase transitions from the
non-SUSY cases because scalar fields are introduced in contrast to the latter. We find models
of the SUSY SU(5) grand gauge-Higgs unification in which the desired vacuum, where the
doublet-triplet splitting problem can be naturally solved, is realized for the wide range of the
temperature. The models may provide us an interesting possibility for the vacuum selection
in the early Universe. Namely, the desired vacuum is dynamically selected in the epoch with
very high temperature which may be exist before the inflation and continues to stay there up
to the present.
This paper is organized as follows. In section 2, after the brief introduction of the diagonal
embedding method, we study the gauge symmetry breaking patterns of the SU(5) grand
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gauge-Higgs unification by the analyses of the one-loop effective potential. In section 3, the
finite temperature phase transition is studied for some models introduced in the section 2.
We also consider the supersymmetric version of the scenario and study the behavior at finite
temperature and address the vacuum selection in the early Universe. The final section is
devoted to conclusions and discussions. We present some formulae necessary in the discussion
of the section 3 in the appendix.
2 Gauge symmetry breaking of an SU(5) grand gauge-
Higgs unification
2.1 Diagonal embedding method
Let us first review quickly the diagonal embedding method which makes it possible for the
Hosotani mechanism to break the SU(5) gauge symmetry consistent with chiral fermions. The
simplest setting is a five-dimensional SU(5) model on an orbifold S1/Z2 compactification with
its radius being of the GUT scale. The detailed discussions are given in our previous paper [6],
and readers who are familiar with the method can go to the next subsection.
In the simplest setting of the method, we prepare two copies of the gauge symmetry which
are exchanged by a discrete symmetry Z2. We consider the theory with SU(5)1×SU(5)2×Z2
symmetry, where the five-dimensional gauge field for the SU(5)i (i = 1, 2) is denoted by
A
(i)
M (i = 1, 2). The A
(1)
M and A
(2)
M are related with each other by the Z2. Here, M = (µ, y) =
(0-3, 5) is a five-dimensional Lorentzian index, where the coordinate of the extra dimension is
denoted by y and the circumference of the S1 is L = 2piR.
We impose the boundary conditions on the gauge fields at the two fixed points, y0 = 0, ypi =
piR of the S1/Z2 as
A(1)µ (yi − y) = A(2)µ (yi + y), A(1)y (yi − y) = −A(2)y (yi + y), (2.1)
where we have used the notation yi(i = 0, pi). We define the eigenstate under the operation of
the Z2 by X
(±) ≡ (X(1) ± X(2))/√2. Then, we see that A(+)µ and A(−)y satisfy the Neumann
boundary condition at the both fixed points and thus have the zero modes. It implies that the
SU(5)1 × SU(5)2 breaks down to their diagonal part SU(5)diag whose gauge field in the four-
dimensional effective theory is A
(+)
µ . One says that our SU(5) GUT symmetry is embedded
in the diagonal part. At the same time, one obtains the zero mode of the adjoint scalar field
A
(−)
y under the SU(5)diag, and as shown in the previous paper, it composes the Wilson line
phase,
W = P exp
(
ig
∫ 2piR
0
dy
1√
2
A(−)ay (T
a
1 − T a2 )
)
, (2.2)
where P stands for the path-ordered integral, g is the common gauge coupling constant,
T ai (i = 1, 2) is the generator of the SU(5)i(i = 1, 2) symmetry, and a is an SU(5) adjoint
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index. If we consider the fundamental representation R1 = 5,R2 = 1 for concreteness, we
can parametrize the vacuum expectation value of A
(−)
y as
1√
2
gL〈A(−)ay T a5 〉 = 2pi diag.(α1, α2, α3, α4, α5) = 2θaT a with
5∑
j=1
αj = 0, (2.3)
where we have used the remaining SU(5) degrees of freedom to diagonalize the A
(−)a
y T a5 . Thus,
the Wilson line phase is written as
W = exp
(
2pii diag. (α1, α2, α3, α4, α5)
)
. (2.4)
We see that the order parameter W is invariant under the shift αj → αj + 1.
Let us next introduce the fermion fields, Ψ(1)(R, 1) and Ψ(2)(1,R), where R denotes a
representation under the SU(5) and are the Z2 partner each other. We do not consider matter
fields that are non singlet under the both gauge groups, SU(5)1 and SU(5)2, for simplicity.
We impose the boundary condition,
Ψ(1)(yi − y) = ηiΨγ5Ψ(2)(yi + y), (2.5)
where the parameter ηi=0,piΨ , which is associated with each fermion, takes +1 or −1, and the
product η0Ψη
pi
Ψ gives the periodicity for the S
1 direction. The eigenstate Ψ(±) of the Z2 has
the zero mode for η0Ψη
pi
Ψ = 1, while it does not for η
0
Ψη
pi
Ψ = −1. Note that the zero modes
are vector-like as Ψ
(±)
L obeys the same boundary conditions as Ψ
(∓)
R . The chiral fermions, for
example the quarks and leptons in the standard model, can be put on the boundaries, though
we do not consider their effects in this paper for simplicity.
As studied in the paper [6], the Kaluza-Klein (KK) mass spectrum for the Ψ(±) with
η0Ψη
pi
Ψ = 1 is given by
m
(n)
KKR = n +
gR√
2
〈A(−)ay 〉T aR = n+
θa
pi
T a
R
, n ∈ Z, (2.6)
and that for the Ψ(±) with η0Ψη
pi
Ψ = −1 by the same form in Eq. (2.6) with replacement
n→ n + 1/2, which implies that the KK mass spectrum is basically the same form with the
one obtained for the S1 compactification. Thus, each contribution from the Ψ(+) and Ψ(−) on
the orbifold S1/Z2 forms the same contribution from a fermion field on the S
1. Then, once we
fix the matter content whose representation is R under the SU(5), one can immediately write
down the contribution from the fermion to the effective potential by the help of the knowledge
of the S1 compactification. And one can study the breaking of the SU(5) gauge symmetry
through the Hosotani mechanism.
In non-SUSY models, we do not introduce the scalar fields in this paper, as they are
generally expected to be superheavy due to the quantum corrections. In cases where the
corrections are canceled to realize light scalars Φ(1)(R, 1) and Φ(2)(1,R), by fine-tuning or the
SUSY, we should impose the boundary condition,
Φ(1)(yi − y) = ηiΦΦ(2)(yi + y), (2.7)
where the parameter ηi=0,piΦ takes +1 or −1, and the KK mass spectrum for the Φ(±) is the
same as the one in Eq. (2.6).
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2.2 Matter content and gauge symmetry breaking pattern
Let us study the gauge symmetry breaking patterns of the SU(5) grand gauge-Higgs unifica-
tion. We introduce fermions whose representations under the SU(5) gauge group are 24, 5, 10
and 15 4 and whose periodicities are η0Ψη
pi
Ψ = +1 (−1) corresponding to the (anti) periodic
boundary condition. Following the standard prescription [4] to calculate the one-loop effective
potential in the background in Eq. (2.3), we obtain the contribution of each degree of freedom
in the aforementioned four representations to the potential as, up to the overall sign (−1)f+1,
V24(αi, z, δ, f) = C
5∑
i 6=j=1
F
(
αi − αj + δ
2
, z, f
)
, (2.8)
V5(αi, z, δ, f) = C
5∑
i=1
F
(
αi +
δ
2
, z, f
)
, (2.9)
V10(αi, z, δ, f) = C
∑
1≤i<j≤5
F
(
αi + αj +
δ
2
, z, f
)
, (2.10)
V15(αi, z, δ, f) = C
∑
1≤i≤j≤5
F
(
αi + αj +
δ
2
, z, f
)
, (2.11)
where we accommodate the temperature T (normalized by L as z = LT ) dependence for later
convenience, which should be set to zero in this section. Here we have defined the function,
F (x, z = 0, f) ≡
∞∑
w=1
1
w5
cos(2piwx), (2.12)
which represents the contribution of each KK tower, and the overall constant C, which we
shall ignore for the numerical analyses, is
C ≡ 3
4pi2
1
L5
. (2.13)
The parameter f stands for the fermion number and takes f = 1 (0) for fermions (bosons),
and the fields satisfying the (anti) periodic boundary condition take δ = 0 (1). We incorporate
the suppressed overall sign (−1)f+1 into the numbers of the degrees of freedom. Then, the
total effective potential is given by
Veff(αi, z) = NgV24(αi, z, 0, 0) + 4N
(+)
24 V24(αi, z, 0, 1) + 4N
(−)
24 V24(αi, z, 1, 1)
+4N
(+)
5 V5(αi, z, 0, 1) + 4N
(−)
5 V5(αi, , z, 1, 1) + 4N
(+)
10 V10(αi, z, 0, 1)
+4N
(−)
10 V10(αi, z, 1, 1) + 4N
(+)
15 V15(αi, z, 0, 1) + 4N
(−)
15 V15(αi, z, 1, 1),(2.14)
where Ng and the coefficients 4 are the on-shell degrees of freedom for the gauge boson and
fermion in the five dimensions, respectively. In the non-SUSY case at zero temperature,
4 We note that the fermions in the conjugate representation, e.g. 5¯, give the same contributions as those
in the corresponding representation, since the five-dimensional models are vector-like.
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Case N
(+)
24 N
(−)
24 N
(+)
5 N
(−)
5 N
(+)
10 N
(−)
10 N
(+)
15 N
(−)
15
1 1 0 0 0 1 0 0 1
2 0 0 0 0 7 0 0 5
3 1 0 0 0 0 0 1 1
4 1 0 1 0 0 1 1 0
5 0 0 0 0 0 0 0 0
6 0 0 1 1 1 0 0 3
7 1 0 1 0 0 0 0 1
8 1 0 1 0 0 0 1 0
9 1 0 0 1 0 0 1 1
10 1 0 2 0 0 0 0 0
11 1 0 0 1 1 1 0 0
12 1 0 0 0 0 0 0 0
Table 1: Matter contents in the SU(5) grand gauge-Higgs unification.
Ng = −3 and z = 0. Here we have denoted the flavor numbers specifying the matter content
as
(N
(+)
24 , N
(−)
24 , N
(+)
5 , N
(−)
5 , N
(+)
10 , N
(−)
10 , N
(+)
15 , N
(−)
15 ). (2.15)
The (+), (−) denotes the periodicity of the field which corresponds to δ = 0, 1, respectively.
The subscript number stands for the representation under the SU(5) gauge group.
The parameter αj is related with the Wilson line phase in Eq. (2.4), so that the physical
region is compact, reflecting its phase nature. Hence, one can study the global structure of
the effective potential in Eq. (2.14) even if we consider physics around the Planck scale. This
is very contrast to the usual effective potential which is given by the polynomial of the order
parameters of the scalar fields and the analyses of the potential for the huge scale region around
the Planck scale is unreliable. This is a great advantage of our approach to the breaking of
the GUT gauge symmetry.
We show the matter contents we have chosen in the Table 1. For each set of the matter
content given in Table 1, we minimize the potential numerically to obtain the vacuum expec-
tation values αj . Then, we understand how the SU(5) is broken down to its regular subgroup
via the Hosotani mechanism, by evaluating the Wilson line phase in Eq. (2.4). In particular,
we are very much interested in the matter content that can realize the SU(3)×SU(2)×U(1)
gauge symmetry of the standard model on the global minimum of the effective potential. We
summarize our results in the Table 2 in which the vacuum expectation values and the realized
gauge symmetry on the global minimum are specified for each set of the matter content.
Let us note that the example of the matter content studied in [6], the case 6, realizes the
standard model gauge symmetry on a local minimum of the effective potential. It may be worth
to note here that the case 2 realizes that the SU(5) breaks down to the SU(3)×SU(2)×U(1)
even though it does not contain the fermions belonging to the 24 representation, contrary to
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Case α1 α2 α3 α4 α5 Gauge symmetry
1 0.5 0.5 0 0 0
SU(3)× SU(2)× U(1)2 0.5 0.5 0 0 0
3 0.1 0.1 0.6 0.6 0.6
4 0.223158 0.223158 0.223158 0.665263 0.665263
5 k/5 k/5 k/5 k/5 k/5
SU(5)
6 0 0 0 0 0
7 0.5 0.5 0.5 0.5 0
SU(4)× U(1)
8 0.287091 0.287091 0.287091 0.287091 0.851637
9 0.139502 0.139502 0.139502 0.679867 0.901628 SU(3)× U(1)2
10 0.465989 0.465989 0.534011 0.534011 0 SU(2)2 × U(1)2
11 0.154787 0.25036 0.700439 0.947207 0.947207 SU(2)× U(1)3
12 0.2 0.4 0.6 0.8 0 U(1)4
Table 2: Vacuum expectation values and gauge symmetry breaking patterns for the cases
given in Table 1. The parameter k takes 0, 1, 2, 3 and 4. Here, we have shifted αj into an
interval [0, 1), instead of imposing the traceless condition which can be recovered by using the
periodicity αj ∼ αj + 1.
the understanding until now [8]. We find examples of matter contents, for which each regular
subgroup of SU(5) is realized on the global minimum of the effective potential.
3 Grand gauge-Higgs unification at finite temperature
In this section, we study the finite temperature phase transition for the models with the
standard model gauge group on the global minimum studied in the previous section and
for some SUSY models. At high temperature, the global minimum of the potential and
vacuum configuration of theWilson line phase would be altered due to existence of temperature
dependent contribution to the effective potential. Thus, if the Universe has an epoch with very
high temperature, the finite temperature phase transitions may have implications for grand
unified models.
We follow the standard prescription, say, the Euclidean time formulation, to obtain the
effective potential at finite temperature [9]. The Euclidean time τ direction is, then, com-
pactified on S1τ whose circumstance is 1/T , where T is the temperature. We shall ignore the
Wilson line degrees of freedom arising from the S1τ , since no nontrivial vacuum configuration
of the Wilson line phase is expected; the detailed discussion on the phase is given in Ref. [12].
3.1 Non supersymmetric models at finite temperature
If we turn on the temperature T , the effective potential in one-loop approximation from the
fermions belonging to the 24, 5, 10 and 15 representations are given by Eqs. (2.8)-(2.11)
respectively, with the function for nonzero z = LT which is treated as a free parameter in the
theory,
F (x, z, f) ≡
∞∑
ω=1
1
ω5
cos(2piωx) + 2z5
∞∑
ω=1
∞∑
l=1
(−1)fl
[(ωz)2 + l2]
5
2
cos(2piωx), (3.1)
as derived in Appendix A. The first (second) term in the right-hand side in Eq. (3.1) is the
zero (finite) temperature contribution. Let us note that the (anti) periodicity of the bosons
(fermions) for the Euclidean time direction manifestly appears as (−1)fl in the summation of
the second term in Eq. (3.1), which originally takes the form of cos(pifl) in Eq. (A.8). The
total effective potential is given by Eq. (2.14), again with Ng = −3 but nonzero z.
We are interested in the behavior of the models at finite temperature for the cases, 1, 2, 3
and 4 where the SU(3)×SU(2)×U(1) is realized on the global minimum at zero temperature.
We numerically obtain the critical temperature zc for the four cases.
5 Let us present the
results for the cases, 1, 2, 3 and 4 in Tables 3, 4, 5 and 6, respectively. We write there the
vacuum expectation values αj, the depths and the realized gauge symmetries for the global
minimum and for some energetically lower local minima at two temperatures near the critical
temperature.
The critical temperatures for the cases 1, 2 and 3 are commonly obtained as zc = 0.720975
by solving numerically the concrete form of an equation shown in Eq. (B.11) which is resulted
by the differences among the contributions in Eqs. (2.8)-(2.11) with the vacuum expectation
values αj corresponding to G321, G41 and G5. At this temperature, the three different vacua
shown in the tables are degenerate with each other, and thus the phase transitions are of the
first order.
The detailed discussion is given in Appendix B. As for the case 4, the phase transition
occurs at z = 0.585788 and is of the first order. It can be shown that there is another phase
transition at z = 0.830305 above which the global minimum resides on (0.4, 0.4, 0.4, 0.4, 0.4).
We confirm the expectation that the SU(5) gauge symmetry is restored in the limit of
high temperature because in the limit, the fermions are decoupled from the system, so that
the gauge bosons give dominant contributions to the effective potential [13].
3.2 Supersymmetric models at finite temperature
As stated in the introduction, the SUSY version of our SU(5) model with the SUSY breaking
scale MSB being around the TeV scale is very attractive, especially on the desired vacuum
shown below in Eq. (3.4), since the doublet-triplet splitting problem can be naturally solved
there [10]. In Refs. [10, 11], it is required that the desired vacuum is just one of minima,
5For the numerical analyses, we set the upper bound on the summation with respect to ω, l in Eq. (3.1) to
100.
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z = LT Depth α1 α2 α3 α4 α5 Gauge symmetry
−19.2997 0.5 0.5 0 0 0 G321
0.7209 −19.2971 0.5 0.5 0.5 0.5 0 G41
−19.2917 0 0 0 0 0 G5
−19.3007 0 0 0 0 0 G5
0.7210 −19.2989 0.5 0.5 0.5 0.5 0 G41
−19.2980 0.5 0.5 0 0 0 G321
Table 3: Global and two local minima for the case 1 near the critical temperature. Depths of
the minima, which is values of the potential in Eq. (2.14) normalized by overall factor C in
Eq. (2.13), and values of αi are shown. G321 ≡ SU(3)× SU(2)× U(1), G41 ≡ SU(4)× U(1)
and G5 ≡ SU(5).
z = LT Depth α1 α2 α3 α4 α5 Gauge symmetry
−84.4617 0.5 0.5 0 0 0 G321
0.7209 −84.4590 0.5 0.5 0.5 0.5 0 G41
−84.4537 0 0 0 0 0 G5
−84.4595 0 0 0 0 0 G5
0.7210 −84.4577 0.5 0.5 0.5 0.5 0 G41
−84.4568 0.5 0.5 0 0 0 G321
Table 4: Global and two local minima for the case 2 near the critical temperature. Depths of
the minima and values of αi are shown. G321 ≡ SU(3)× SU(2)×U(1), G41 ≡ SU(4)×U(1)
and G5 ≡ SU(5).
which is sufficient at zero temperature since the transition rate is extremely suppressed even if
there are deeper vacua [14]. The stability arises because the loop induced effective potential is
suppressed by the SUSY breaking scale which is now much smaller than the compactification
scale.6 The smallness of the effective potential, at the same time, means that the stability
of the vacuum can be easily affected by the finite temperature effects at high temperature
T ≫MSB. Thus, it is important to study the finite temperature phase transition of the SUSY
cases.
Because of the existence of the scalar fields, it is expected that the behavior of the effective
potential should be modified from the non-SUSY version in which the only bosonic field is the
gauge one. We are, in particular, interested in the matter content that realizes the desired
vacuum in Eq. (3.4) as the global minimum for the wide range of the temperature. We set
the scale of the extra dimension 1/R around the GUT scale MGUT as before. Then, MSB
is negligibly small compared with it. At high temperature T ≫ MSB, we may neglect the
effects of the zero-temperature SUSY breaking, and the SUSY breaking entirely comes from
6Hence, the mass scale of light adjoint chiral supermultiplets from zero-modes of Ay and their superpartners
is typically O(MSB) in this scenario.
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z = LT Depth α1 α2 α3 α4 α5 Gauge symmetry
−4.11202 0.1 0.1 0.6 0.6 0.6 G321
0.7209 −4.10934 0.1 0.1 0.1 0.1 0.6 G41
−4.10398 0.6 0.6 0.6 0.6 0.6 G5
−4.11335 0.6 0.6 0.6 0.6 0.6 G5
0.7210 −4.11159 0.1 0.1 0.1 0.1 0.6 G41
−4.11070 0.1 0.1 0.6 0.6 0.6 G321
Table 5: Global and two local minima for the case 3 near the critical temperature. Depths of
the minima and values of αi are shown. G321 ≡ SU(3)× SU(2)×U(1), G41 ≡ SU(4)×U(1)
and G5 ≡ SU(5).
z = LT Depth α1 α2 α3 α4 α5 Gauge symmetry
0.5857
−19.2778 0.224824 0.224824 0.224824 0.662764 0.662764 G321
−19.2759 0.311785 0.311785 0.311785 0.311785 0.752860 G41
0.5858
−19.2773 0.311786 0.311786 0.311786 0.311786 0.752857 G41
−19.2770 0.224826 0.224826 0.224826 0.662761 0.662761 G321
Table 6: Global and the energetically lowest local minimum for the case 4 near the critical
temperature. Depths of the minima and values of αi are shown. G321 ≡ SU(3)×SU(2)×U(1)
and G41 ≡ SU(4)× U(1).
the finite temperature effect, say, the difference of the boundary conditions of bosons and
fermions for the Euclidean time direction. With this approximation, the zero temperature
effective potential becomes vanishing.
The diagonal embedding method can be applied to supersymmetric models as well if we
replace all the fields by the corresponding superfields. We again follow the standard prescrip-
tion to calculate the finite temperature effective potential in one-loop approximation in the
background in Eq. (2.3). Since we neglect the effects of the zero-temperature SUSY breaking,
the contribution from the vectormultiplet is common with that from the adjoint hypermul-
tiplet. The contributions from each degree of freedom of supermultiplets of 24, 5, 10 and
15 representations under the SU(5) to the one-loop effective potential are given again by
Eqs. (2.8)-(2.11) respectively, but with replacing the function F (x, z, f) by the SUSY version
FS(x, z) defined as
FS(x, z) ≡ −F (x, z, 0) + F (x, z, 1) = −2z5
∞∑
ω=1
∞∑
l=1
(
1− (−1)l)[
(ωz)2 + l2
] 5
2
cos(2piωx). (3.2)
The last variable of the contributions in Eqs. (2.8)-(2.11), the fermion number f , is dummy
in the SUSY cases. Then, the total effective potential is given by Eq. (2.14) with Ng = 4.
Let us present an example of the matter content, for which the SU(3)×SU(2)×U(1) gauge
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z = LT Depth α1 α2 α3 α4 α5 Gauge symmetry
−2.77733 0.5 0.5 0 0 0 G321
0.3820 −2.77731 0.2 0.2 0.2 0.2 0.2 G5
−2.32086 0.5 0.5 0.5 0.5 0 G41
−2.77974 0.2 0.2 0.2 0.2 0.2 G5
0.3821 −2.77948 0.5 0.5 0 0 0 G321
−2.32254 0.5 0.5 0.5 0.5 0 G41
Table 7: Global and two local minima for the matter content in Eq. (3.3). Depths of the minima
and values of αi are shown. G321 ≡ SU(3)×SU(2)×U(1), G41 ≡ SU(4)×U(1), G5 ≡ SU(5).
symmetry is realized on the global minimum of the effective potential at finite temperature,
(N
(+)
24 , N
(−)
24 , N
(+)
5 , N
(−)
5 , N
(+)
10 , N
(−)
10 , N
(+)
15 , N
(−)
15 ) = (0, 1, 0, 0, 0, 1, 0, 0). (3.3)
We numerically find that for the above case, the phase transition occurs at zc ≃ 0.382008,
below which the gauge symmetry of the standard model is realized on the global minimum
whose vacuum expectation values are given by
(α1, α2, α3, α4, α5) = (0.5, 0.5, 0, 0, 0). (3.4)
As mentioned in the beginning of this subsection, we call it the desired vacuum. It may be
worth to repeat that the vacuum is desirable in the sense that it provides us an interesting
solution to the doublet-triplet splitting problem in certain SUSY models as studied in Ref. [10].
Note that in the present case, the desired vacuum is obtained as the global minimum of the
potential, not as its local minimum.
This model has the same nature of the finite temperature phase transition as the models
without the supersymmetry. If the temperature increases further beyond the critical temper-
ature, the gauge symmetry tends to be restored to the SU(5) gauge symmetry for which the
vacuum expectation values are given by
(α1, α2, α3, α4, α5) = (0.2, 0.2, 0.2, 0.2, 0.2). (3.5)
We also confirm the result in Eq. (3.5) by minimizing numerically the effective potential
consist of the bosonic degrees of freedom alone in the matter content in Eq. (3.3) for the high
temperature limit [13]. We summarize the results in Table 7 whose contents are the same as
the ones in Tables 3,4,5 and 6.
Let us next consider another model whose matter content is given by
(N
(+)
24 , N
(−)
24 , N
(+)
5 , N
(−)
5 , N
(+)
10 , N
(−)
10 , N
(+)
15 , N
(−)
15 ) = (0, 2, 1, 0, 0, 0, 0, 0). (3.6)
We numerically find that the SU(3) × SU(2) × U(1) gauge symmetry persists as the global
minimum of the effective potential for the wide range of the parameter z < 1 and z ∼ 10 as far
as our numerical analyses are concerned. The vacuum expectation values for both parameter
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regions are given by the desired vacuum in Eq. (3.4). We also check that the desired vacuum
is the global minimum of the effective potential consist of only the bosonic degrees of freedom
in the matter content in Eq. (3.6) for the high temperature limit [13].
The above numerical analysis is performed in the range 0.1 ≤ z ≤ 10, which corresponds
to the temperature around the GUT scale. Although the reheating temperature can not be so
high to avoid the so-called gravitino problem [15], the result obtained above may give us an
interesting scenario of the vacuum selection in the evolution of the very early Universe before
the inflation. Supposing that the Universe starts with very high temperature, say the Planck
scale, there is an epoch with temperature corresponding to z = O(1). Our result shows an
expectation that the dynamics in the epoch naturally selects the desired vacuum.
Of course, in order to claim that the vacuum continues to stay there up to the present,
we have to examine the potential for z ≪ 1, where the one-loop effective potential is not
reliable due to large logarithmic corrections as usual. For reliable analysis, such logarithmic
terms should be resummed to result in the RG improved potential, which is not an easy task
in the framework of the five dimensions. It is, however, instructive to see the behavior of the
one-loop effective potential for z ≪ 1 as shown below. In this region, the w-dependence in
the fraction in Eq. (3.2) can be neglected for small ω (≪ l/z), and then the function becomes
FS(x, z) ∼ −2z5
∑
l
(1− (−1)l)
l5
∑
ω
cos(2piωx), (3.7)
aside form the overall factor. If we carried out the summation over ω to infinity, this function
would become proportional to the periodic delta function, which vanishes except for the points
x = 0 (mod 1). Although this expression is not correct for large ω, the contributions of the
large ω tend to oscillate rapidly to cancel each other out approximately for x 6= 0 (mod 1).
Thus, we can see that it almost vanishes except for the neighborhoods of the points x = 0
(mod 1). Noting that each KK tower that couples with Ay gives a contribution expressed by
the function FS(x, z) and the tower contains a massless mode on the points x = 0 (mod 1), we
come up with an anticipation that the effective potential is dominated only by the zero mode
contribution. In fact, the decoupling theorem [16] tells us that in the region away from the
points x = 0 (mod 1) all the modes should be decoupled to give a vanishing contribution as
they are much heavier than the temperature, which is consistent with the above behavior. This
anticipation can be confirmed by comparing FS(0, z) with the zero mode contribution (and
also their derivatives) in low temperature limit z ≪ 1. We present some formulae necessary
in the discussions given here in Appendix A.
The above discussion justifies the evaluation of the the effective potential using the four-
dimensional effective theory that consists only of the zero modes, as is the case with the Higgs
quartic self coupling discussed in Ref. [17]. This fact is, of course, nothing but what is required
in the field theory and thus may not be surprising at all, but it is quite nontrivial and amazing
to see that it also holds in the nonrenormalizable five-dimensional models.
This consideration is not only academically interesting but also useful in the analysis of
the effective potential for z ≪ 1, as it is much easier to study the RG improved effective
potential in the four-dimensional effective theory. Although it appears to be difficult, at first
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glance, to carry out such a study model-independently even in the four dimensional effective
theory, the SUSY allows us to derive a nontrivial conclusion. At (relatively) high temperature
MSB ≪ T (≪ 1/R ∼ MGUT) where the zero temperature SUSY breaking is negligible, the
interactions between the Ay and the bosonic fields are determined by the gauge interaction and
the three point interaction in the superpotential. It is well-known that the coupling constants
of these interactions do not destabilize the system independently of their values, and thus
of the RG running effects. At lower temperature T . MSB, the effective potential becomes
dominated by the zero temperature contribution. This contribution is less controlled but we
should impose that the desired vacuum is at least a local minimum if we would like to work
there, and such parameters are chosen in Ref. [11] actually.
In this way, we can see that the desired vacuum in Eq. (3.4) does not become unstable for
z ≪ 1, while it is not clear if it keeps being the global minimum as the global structure of
the effective potential is hard to see in the effective-theoretical approach. Even if other vacua
becomes deeper than the desired one, however, the transition rate is highly suppressed because
the depth of the potential is very shallow compared with the distance between the minima,
the order of MGUT, for z ≪ 1. Let us note that the condition z ≪ 1 should always hold after
the inflation in the history of the Universe. Thus, we conclude that in the models where the
desired vacuum is the global minimum at z & 1 discussed above the vacuum is likely selected
by the dynamics before the inflation and keeps staying there up to the present.
4 Conclusions and Discussions
We have studied the gauge symmetry breaking patterns by the Hosotani mechanism of the
models of the SU(5) grand gauge-Higgs unification in the framework of the diagonal embedding
method. The method enables us to have the zero mode for the adjoint scalar field and the
chiral fermion simultaneously and to utilize the one-loop effective potential obtained in the
case of the S1 compactification. We have investigated the vacuum structure of our models for
the given matter contents through the analyses of the effective potential numerically.
We have found matter contents that realize the symmetry breaking down to each regular
subgroup of the SU(5). In particular, we have presented those that give us the desired vacuum
with the SU(3)× SU(2)× U(1) gauge symmetry as the global minimum. One of the matter
contents that lead to the desired gauge symmetry breaking pattern does not include the
periodic fermions belonging to the adjoint representation, contrary to the previous study [8].
We have also studied the finite temperature phase transition of the models of the SU(5)
grand gauge-Higgs unification with the SU(3) × SU(2) × U(1) gauge symmetry being real-
ized on the global minimum at zero temperature. We have numerically obtained the critical
temperature and found that the phase transition is of the first order. The restoration of the
SU(5) gauge symmetry in the high temperature limit is observed as it should.
Then, we examine the SUSY version of the SU(5) grand gauge-Higgs unification at finite
temperature. The SUSY version is phenomenologically fascinating when the SUSY breaking
scale is set around the TeV scale as the existence of the light adjoint chiral supermultiplets
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with masses of the same scale are generally predicted to provide us a clue as to the GUT
breaking accessible at the TeV scale experiments [10, 11]. Furthermore, the doublet-triplet
splitting problem can be naturally solved [10] if the desired vacuum in Eq. (3.4) is selected.
Since the effective potential is suppressed by the SUSY breaking scale at zero temperature,
the finite temperature effects are crucial to study if the desired vacuum is actually selected
dynamically.
At enough high temperature, the SUSY breaking at zero temperature can be neglected
and we have taken account of only the finite temperature effect for the SUSY breaking. We
have analyzed the one loop effective potential to find a matter content for which the phase
transition from the SU(5) symmetric vacuum to the desired vacuum occurs at zc ∼ 0.382 as
the temperature decreases. We have presented another matter content with which the desired
vacuum stays as the global minimum even for z & 1.
We have also examined the effective potential in lower temperature regionMSB ≪ T ≪ 1/R
and found that its behavior is consistent with the decoupling theorem also in our nonrenormal-
izable five-dimensional setup. Though the effective potential without the RG improvement is
not reliable in this region, the above observation shows that the effective potential is dominated
by the zero mode contributions and thus justifies the use of the four-dimensional effective the-
ory, as usual. Then, we have seen that the SUSY controls the finite temperature contribution
well so that this contribution stabilizes the desired vacuum irrelevantly to the RG running.
Thus, we conclude that in the models discussed in Sec. 3.2, the vacuum selected before the
inflation keeps staying there up to the present. Given that in the model whose matter content
is shown in Eq. (3.6) the desired vacuum is the global minimum also for z & 1 and thus it is
likely selected dynamically before the inflation, this may provide us an interesting scenario of
the vacuum selection in the evolution of the early Universe.
Finally, we note that the examples analyzed in this paper are kind of toy models where we
neglect the contributions from the matter sector of the standard model and do not discuss the
gauge coupling unification. When we construct a realistic model, we should redo our analysis.
The present study creates an expectation that there exist several examples of appropriate
matter contents.
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A Effective potential at finite temperature
Let us derive the function F (x, z, f) in Eq. (3.1) which represents the contribution of a KK
tower with the mass spectrum
m
(n)
KK =
n + x+ δ/2
R
. (A.1)
Our space-time is
S1τ × R3 × S1/Z2, (A.2)
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where S1τ corresponds to the Euclidean time direction, for which the field satisfies the definite
boundary condition consistent with the quantum statistics. The S1/Z2 is the spacial extra
dimension.
We evaluate the following quantity for the one-loop effective potential,
V = (−1)fNdeg 1
2
T
L
∞∑
l¯,n=−∞
∫
dD−2pE
(2pi)D−2
ln
[
p2E+(2piT )
2
(
l¯+
f
2
)2
+
(2pi)2
(2piR)2
(
n+x+
δ
2
)2]
, (A.3)
where f = 0 (1) for bosons (fermions), δ = 0 (1) for (anti)periodic fields with respect to
the S1/Z2 direction. Here, T , L (= 2piR), D = 5 and pE stand for the temperature, the
circumference of the spacial extra dimension, the number of the dimensions and the Euclidean
momentum, respectively. We assume the Wilson line phase for the S1τ direction is vanishing
as suggested in Ref. [12], for simplicity.
Let us sketch the standard prescription to obtain the effective potential. Knowing that
ln A = − d
ds
A−s
∣∣∣∣
s→0
and A−s =
1
Γ(s)
∫ ∞
0
dt ts−1e−At
t= 1
X=
1
Γ(s)
∫ ∞
0
dX X−s−1e−
A
X , (A.4)
we have
V = (−1)fNdeg 1
2
T
L
(−1)
∞∑
l¯,n=−∞
pi
D−2
2
(2pi)D−2
∫ ∞
0
dt t−
D
2 e
−
(
(2piT )2(l¯+ f
2
)2+
(2pi)2
(2piR)2
(n+x+ δ
2
)2
)
t
. (A.5)
We employ the Poisson’s formula for the modes, l¯ and n,
∞∑
l¯=−∞
e−(2piT )
2(l¯+ f
2
)2 t =
∞∑
l=−∞
1
2piT
√
pi
t
e−
1
4t
( l
T
)2−2piil f
2 , (A.6)
∞∑
n=−∞
e
−
(2pi)2
(2piR)2
(n+x+ δ
2
)2 t
=
∞∑
w=−∞
R
√
pi
t
e−
1
4t
(2piRw)2−2piiw(x+ δ
2
). (A.7)
We decompose the summation of l into l = 0 and l 6= 0 parts. The l = 0 ( 6= 0) corresponds
to the zero (finite) temperature part. The w = 0 part in the t integration of the l = 0 part
which is independent of x yields the UV divergence. We just subtract the divergence, and we
finally have, setting D = 5,
V = (−1)f+1Ndeg
Γ(5
2
)
pi
5
2L5
[
∞∑
w=1
1
w5
cos
[
2piw
(
x+
δ
2
)]
+2(LT )5
∞∑
l,w=1
cos (pilf)
[(wLT )2 + l2]
5
2
cos
[
2piw
(
x+
δ
2
)]]
. (A.8)
The factor
Γ( 5
2
)
pi
5
2 L5
coincides with the overall constant C defined in Eq. (2.13), and the quantity
in the parenthesis in the above right hand side reduces to the function F (x, z, f) in Eq. (3.1),
by shifting x+ δ/2→ x.
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A.1 Zero mode contribution
Next, let us evaluate the contribution only by the zero mode for the comparison with the low
temperature region (z ≪ 1) of the l 6= 0 part discussed in Sec. 3.2.
In this calculation we set n = 0 instead of taking the summation over n. Thus, we shall
apply the Poisson’s formula only for l¯ in Eq. (A.6), and then the integration over t results in
the modified Bessel function K2(x) as∫ ∞
0
dt t−3 e
− 1
4t
( l
T
)2+
(2pi)2
(2piR)2
x2t
= 8
T 2
l2
(2pi)2
L2
x2K2
(∣∣∣∣2pilxLT
∣∣∣∣
)
, (A.9)
where we have made the shift x + δ/2 → x for simplicity. Taking away the overall factors,
we see that the contribution to the function FS(x, z) defined in Eq. (3.7) for the SUSY cases
from the zero mode, F
(0)
S (x, z), becomes
7
F
(0)
S (x, z) = −
2z4
3
∞∑
l=1
1− (−1)l
l4
(
2pilx
z
)2
K2
(∣∣∣∣2pilxz
∣∣∣∣
)
. (A.10)
In low temperature limit z → 0, the value and the curvature of FS(x, z) at x = 0, where the
zero mode becomes massless, are analytically calculated by replacing the summation over w
by an integral as
FS(0, z)→ −2z4
∞∑
l=1
∫ ∞
0
1− (−1)l
[s2 + l2]
5
2
ds = −4z
4
3
∞∑
l=1
1− (−1)l
l4
= −pi
4
36
z4, (A.11)
1
2
d2FS
dx2
(0, z)→ (2pi)2z2
∞∑
l=1
∫ ∞
0
1− (−1)l
[s2 + l2]
5
2
s2ds =
(2pi)2z2
3
∞∑
l=1
1− (−1)l
l2
=
pi4
3
z2. (A.12)
Expanding the modified Bessel function K2(x) =
2
x2
− 1
2
+ O(x2), we see that these coincide
respectively with those of F
(0)
S (x, z). This coincidence can be understood in a more gen-
eral context by reminding that the Poisson’s formula relates a function f(x) with its Fourier
transform fˆ(k) as
∞∑
n=−∞
f(n+ x) =
∞∑
w=−∞
fˆ(w)e2piiwx. (A.13)
When we replace the summation over w by an integral at x = 0, the right hand side becomes
∞∑
w=−∞
fˆ(w)e2piiwx →
∫ ∞
−∞
fˆ(s)ds = f(0). (A.14)
B Critical temperature
In this appendix, we comment on the phase transition in the cases 1,2,3, for which the critical
temperature is common, and at the temperature three vacua degenerate.
7This is consistent with the result obtained in [13].
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B.1 Cases 1,2
As shown in the Tables 3 and 4 for the cases 1 and 2, respectively, the critical temperature is
commonly given by zc = 0.720975 (and also for the case 3 discussed next). We shall explain
below that around zc three vacua whose vacuum expectation values are given by
α0 = (0, 0, 0, 0, 0), (B.1)
α321 = (2, 2, 2,−3,−3)/2 ∼ (0, 0, 0, 1, 1)/2, (B.2)
α41 = (−4, 1, 1, 1, 1)/2 ∼ (0, 1, 1, 1, 1)/2, (B.3)
tend to be degenerate. Here we have taken account of the periodicity of αj .
For this purpose, we calculate the differences of the contributions from each degree of
freedom in the representation R = 5, 10, 15, 24 to the configurations α321 and α41 compared
with those to α0. The differences ∆R(αi, z, δ, f) = (VR(αi, z, δ, f) − VR(α0, z, δ, f))/C are
written as
∆5(α321, z, δ, f) =
1
2
∆5(α41, z, δ, f) = 2
(
F
(
1
2
+
δ
2
, z, f
)
− F
(
δ
2
, z, f
))
= 2(−1)δ∆f , (B.4)
∆10(α321, z, δ, f) =
3
2
∆10(α41, z, δ, f) = 6(−1)δ∆f , (B.5)
∆15(α321, z, δ, f) =
3
2
∆15(α41, z, δ, f) = 6(−1)δ∆f , (B.6)
∆24(α321, z, δ, f) =
3
2
∆24(α41, z, δ, f) = 12(−1)δ∆f , (B.7)
∆f = F
(
1
2
, z, f
)
− F (0, z, f)
=
∞∑
w=1
(
(−1)w − 1
w5
+ 2z5
∞∑
l=1
(−1)fl ((−1)w − 1)
[(wz)2 + l2]5/2
)
, (B.8)
where the periodicity of the function F (x) defined in Eq. (3.1), F (x+ 1) = F (x), is used.
We see that the differences flip the sign when the periodicity δ = 0, 1 is changed, and
when there are no fields belonging to the 5 representation the difference of the total effective
potential between the points α321 and α0 is always 3/2 times larger than that between α41
and α0. The latter explains that the three vacua degenerate at a certain temperature in cases
with no 5 fields. In such cases, the three vacua degenerate at the temperature determined by
the equation
− 3× 12∆0 + 4× 6
(
2N
(+)
24 − 2N (−)24 +N (+)10 −N (−)10 +N (+)15 −N (−)15
)
∆1 = 0, (B.9)
which reduces to
12 (−3∆0 + 4∆1) = 0, (B.10)
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commonly in the cases 1 and 2, whose concrete form is given as
12
(
−31
16
ζR(5) + 2z
5
∞∑
w,l=1
(−1)w − 1
[(wz)2 + l2]5/2
(−3 + 4(−1)l)
)
= 0. (B.11)
Here, ζR(x) is the Riemann’s zeta function.
B.2 case 3
In the case 3, the three vacua that degenerate at the temperature are those shifted by the
center of the SU(5), αc = (2, 2, 2, 2, 2)/5 (mod 1) from those in the previous cases,
α′0 = α0 + αc, α
′
321 = α321 + αc, α
′
41 = α41 + αc. (B.12)
The differences in this case ∆′
R
(α′i, z, δ, f) = (VR(α
′
i, z, δ, f)− VR(α′0, z, δ, f))/C are
∆′
5
(α′321, z, δ, f) =
1
2
∆5(α
′
41, z, δ, f) = 2(−1)δ∆(1)f , (B.13)
∆′
10
(α′321, z, δ, f) =
3
2
∆10(α
′
41, z, δ, f) = 6(−1)δ∆(2)f , (B.14)
∆′
15
(α′321, z, δ, f) =
3
2
∆15(α
′
41, z, δ, f) = 6(−1)δ∆(2)f , (B.15)
∆′
24
(α′321, z, δ, f) =
3
2
∆24(α
′
41, z, δ, f) = 12(−1)δ∆(0)f , (B.16)
∆
(q)
f = F
(
1
2
+ q × 2
5
, z, f
)
− F
(
q × 2
5
, z, f
)
, (B.17)
where the parameter q denotes the charge of the center of the SU(5) group, Z5. By a similar
discussion as before, we see that the three vacua degenerate at a certain temperature, and the
temperature is determined again by Eq. (B.11) since the dependence on ∆
(2)
f is canceled in
the case 3 and ∆
(0)
f = ∆f .
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